
Vertical structure of the atmosphere
Thermodynamics, Radiative transfer, Radiative-convective equilibrium 

(Mueller-Wodarg et al.)

Vertical structures of planetary atmospheres



Hydrostatic equilibrium

The gravitational acceleration is assumed to be a constant value g.
The balance between the pressure gradient force and the gravitational 
acceleration in the vertical direction is

This is equivalent to the vertical momentum equation

except that the vertical wind w is assumed to be zero.

 

−SΔp = gρSΔz

∴
dp
dz

= −gρ

p：pressure z : altitude r：mass density（kg/m3）
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Integrating (1.1) we have

The equation of state:  

Combining (1.1) (1.2), we have

When the temperature is constant with altitude,

 

p(z) = gρ(z')dz'
z

∞

∫

 

p = ρRT (1.2)
R : gas constant (= 287 J/K/kg for Earth)
R = k/m, where k is Boltzmann’s constant and 
m is the mean mass of molecules

 

dp
dz

= −
gp
RT

∴ p(z) = pS exp −
dz'
H(z')0
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ps : surface pressure
H = RT/g : scale height (6-8km on Earth)
(~16 km on Venus, ~11 km on Mars)

 

p(z) = pS exp −
z
H
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Atmospheres at different altitudes do not readily mix. 
Horizontally-thin layers tend to prevail.

ßAir parcels tend to stay at constant levels in a stably-stratified atmosphere

Haze layer of TitanCumulonimbus clouds

Thermodynamics
First law of thermodynamics:

Combined with the state equation                  ,  we obtain

Combining (2.1)(2.2) yields

Considering an adiabatic process (dH = 0), we have

 

dH = cvdT + pdα (2.1)

dH : heat given to gas of unit mass
cv : specific heat for constant volume
a = 1/r : specific volume

 

pα = RT

 

pdα +αdp = RdT (2.2)

 

dH = cpdT −αdp (2.3) cp = cv + R : specific heat for 
constant pressure
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cpd(lnT) = Rd(ln p)

∴T = const.× pR /C p



Then, the potential temperature q defined as

is conserved in adiabatic processes. 
In adiabatic ascent or decent, q is constant with altitude. In this case, under 
hydrostatic equilibrium, we obtain 

θ ≡ T pS
p
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dT
dz

= −
g
cp

= −Γd (2.5)

Gd = g/Cp : dry adiabatic lapse rate (9.8 K/km on Earth)
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Catling & Kasting (2017)



Static stability
The buoyancy acting on an air parcel is given by

Assuming that the pressures of the air parcel and the ambient atmosphere 
are equal, we have

Temperatures are expressed by using the temperature T0 at the original 
position (z = 0):

'̅, /,

(2.6)

(2.7)

 

d2z
dt 2

= g
ρ − ρp

ρp

z：altitude of the air parcel  
"̅ : mass density of ambient air
rp : mass density of the air parcel

 

d2z
dt 2

= g
T −1 −Tp

−1

Tp
−1 = g

Tp −T 
T 

#$ : ambient temperature  
Tp : temperature of air parcel

rp , Tp

 

T =T 0−Γz
Tp =T 0−Γd z

: ambient lapse rate

z
!/,
!* = −Γ

z0

/,T0
Γ = − ⁄!/, !*
Γ! = 1/3" : adiabatic lapse lapse rate

From (2.6)(2.7)

When Gd – G is positive, an oscillating solution exists.  
The buoyancy frequency N is given by

Static stability is defined by

Three types of static stability contitions:

 

d2z
dt 2

~ −gΓd −Γ
T0

z

 

N 2 = gΓd −Γ
T0

= g ∂lnθ 
∂z

Γ" − Γ > 0  ↔ * > 0 ↔ ⁄.0̅ .1 > 0
Γ" − Γ = 0  ↔ * = 0 ↔ ⁄.0̅ .1 = 0
Γ" − Γ < 0  ↔ * < 0 ↔ ⁄.0̅ .1 < 0

: stable
: neutral
: unstable

! = !"
!# + Γ!

: ambient lapse rateΓ = − ⁄!/, !*
Γ! = 1/3" : adiabatic lapse lapse rate



Neutral (adiabatic
lapse rate)

Altitude

Temperature

Stable

Unstable

Neutral

Altitude

Potential temperature

StableUnstable

Stability of Earth’s atmosphere

Gettelman et al. (2011)



Stability of Venusian atmosphere 

Neutral layer exists around 50-60 km in the cloud

Akatsuki radio occultation (Imamura et al. 2017)

Stability of Martian atmosphere 

Mixed boundary layer (Hinson et al. 2008)    Detached mixed layer 
(Hinson et al. 2014)



Radiation
Energy balance of a planet

Inflow : Visible wavelength radiation from Sun
Outflow : Infrared radiation from the surface and the atmosphere

Andrews (2000)

Planck function （J/m2/s/str/Hz）

Integration for wavelength and for solid angle over a hemisphere

Equilibrium between solar radiation and planetary infrared radiation

(1–A) π a2 S ＝ 4π a2 σ T4

For Earth, T＝255 K : “effective temperature”

 

Bν (T) =
2hν 3

c 2(ehν kT −1)
h: Planck’s constant
n: frequency

 

dφ dθ sinθ cosθ dν
0

∞

∫ Bν (T)
0

π / 2
∫0

2π
∫ = π dν

0

∞

∫ Bν (T) =σT 4

σ：Stefan-Boltzmann's constant
Integration for 
solid angle

Integration for 
frequency

A： albedo (0.3 for Earth)
a：planetary radius
S： solar constant （1370 W m-2 for Earth）

c：speed of light
k：Boltzmann's constant

(Catling & Kasting)



Interaction between electromagnetic waves and molecules

柴田（1999）

柴田（1999）
Catling & Kasting (2017)



Catling & Kasting (2017)

Vibrational energy levels

%$ = ℎ'% ( + 12
v : vibrational quantum number

Rotational energy levels

%& = ℎ+ ,(, + 1)
J : rotational quantum number

Chamberlain & Hunten (1987)



Radiative transfer equation 

Optical depth

Equation for radiance with the zenith 
angle of θ （μ＝cosθ）

 

dI = (absorption) + (emission) = −kaIds+ kaB(T)ds

∴
dI
kads

= −I + B(T) I：radiance (J/m2/s/str/Hz）
ka：absorption coefficient  
s：coordinate along the ray

Catling & Kasting (2017)

 

τ = kadz'z

∞

∫

 

µ
dI
dτ

= I − B

Radiative transfer in plane-parallel atmosphere

Upward radiance at the top of the atmosphere 

 

I =B(TS )exp −τs( ) + B T(τ)( )exp −τ( )
0

τ s∫ dτ

= B(Ts)exp −τs( ) + B T z( )( )
0

∞

∫ ka (z)exp −τ z( )( )dz
From surface From atmosphere

Contribution function

Contribution functions for Mars atmosphere 
in infrared （Conrath et al. 2000）



Temperature distribution retrieved from Marg Global Surveyor TES
spectra (Smith et al. 2001)

Contribution functions for Venus atmosphere （Schofield & Taylor 1983）



Obtained temperature distribution of Venus atmosphere （Schofield & Taylor 1983）

Upward/downward flux （θ’ = π－θ）（μ = cosθ）

Two-stream approximation：

We have

, corresponding to the zenith angle of 53°, is frequently adopted. 

F↑ = dφ I(θ )cosθ sinθ dθ
0

π /2
∫0

2π
∫ = 2π I(µ)µ dµ

0

1
∫ = π I(µ)µ dµ

0

1
∫ µ dµ

0

1
∫

F↓ = dφ I(θ )cosθ sinθ dθ
0

π /2
∫0

2π
∫ = −2π I(µ)µ dµ = π I(µ)µ dµ

−1

0
∫ µ dµ

−1

0
∫−1

0
∫

 

F↑ = π I(µ )

F↓ = π I(−µ )
τ * = µ −1τ

B* = π B

 

dF↑

dτ*
= F↑ − B*

−
dF↓

dτ*
= F↓ − B*

5/3»µ

(3.1)

’ ’ ’ ’ 

Salby (1996)



Radiative equilibrium in gray atmosphere
・Absorption coefficient in infrared does not depend on the wavelength. 
・The atmosphere is transparent for solar radiation (visible wavelength) 
・Solar energy reaching the surface is converted to thermal emission.  
・Plane-parallel atmosphere with the incoming solar flux of F0:

Substituting

into (3.1), we obtain

4# = 1 − 5
6
4

 

F net = F↑ − F↓

F sum = F↑ + F↓

 

dF net

dτ*
= F sum − 2B*

 

dF sum

dτ*
= F net

(3.2)

(3.3)

: net upward flux

: total flux

S : solar constant
A : albedo

Fnet is equal to the incoming solar flux F0 :

From (3.2)(3.4) 

From (3.3)(3.4)

From (3.5)(3.6)

Since F↓= 0 at the top of the atmosphere（t*= 0）

From (3.7)(3.8)

Considering                    , the temperature increases with decreasing the 
altitude (greenhouse effect).
Large t can lead to high temperaturesà Venus’ hot atmosphere (t ~ 2000)

Earth’s moderate temperature (t ~ 1)

/'() = /%

 

F sum = 2B*

 

F sum = F 0τ* + F sum (τ* = 0)

 

B*(τ*) =
F 0

2
τ* +

F sum (τ* = 0)
2

 

F sum (τ* = 0) = F net = F 0

 

B*(τ*) =
F 0

2
(τ* +1)
4* TB s=

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

: Net flux is invariant

: Total flux is determined 
by the local temperature



The temperature at the top of the atmosphere（τ*=0） is

This value is lower than the effective temperature.

From (3.4)(3.5) and the definition of Fnet and Fsum, we obtain

Emission from the surface is equal to the sum of the solar flux reaching the 
surface and the downward emission from the atmosphere: 

From (3.10)(3.11), we obtain

 

T = F 0 2σ( )1/ 4 : “skin temperature” = temperature of the 
stratosphere

 

F↓ =
F sum − F net

2
= B* − F

0

2

 

B*(TS ) = F 0 + F↓ (τs
*) TS： surface temperature 

τS： optical depth at the surface

 

B*(TS ) = B*(τs
*) +

F 0

2
surface bottom of 

atmosphere

à Temperature discontinuity exists at the 
surface （Note that )

 

B* =σT 4

(3.10)

(3.11)

Salby (1996)

Temperature structure in a gray atmosphere

z-axis = optical depth z-axis = altitude

np = 1–2



Radiative-convective equilibrium
The radiative equilibrium temperature profile can be unstable at low altitudes. 

Assumptions for calculating convective adjustment:
• Vertical convection transports heat vertically, leading to an adiabatic lapse 

rate (troposphere).
• Above this convective region, the temperature profile remains to be the 

radiative equilibrium one (stratosphere).
• The surface temperature becomes equal to the atmospheric temperature at 

the bottom.
• The surface temperature is adjusted so that the upward energy flux

becomes equal to the one for radiative equilibrium

at the top of the troposphere.
 

F↑(τ*) = B*(TS )exp(τ
* −τs

*) − exp(τ* −τ ')
τS
*

τ*

∫ B*(T(τ'))dτ'

 

F↑(τ*) =
F sum + F net

2
=
F 0

2
(τ* + 2)

Catling & Kasting (2017)

Radiative convective equilibrium 
for Earth’s atmosphere 
(Manabe & Strickler 1964)



Radiative-convective equilibrium solution for Venusian atmosphere
(Pollack et al. 1980)

Net downward solar flux 
(Moroz et al. 1985)

cloud

Radiative-convective equilibrium solution for Martian atmosphere

Gierasch & Goody (1972) 

without dust with dust



Meridional cross sections in Mars GCM

Shaposhnikov et al. (2019)

Internal heat of gas giants

Internal heat sources include the rainout 
of helium-rich droplets and, possibly, 
continued Kelvin-Helmholtz contraction. 

The Kelvin–Helmholtz mechanism is an 
astronomical process that occurs when the 
surface of a star or a planet cools. The 
cooling causes the pressure to drop and 
the star or planet shrinks as a result.

Chamberlain & Hunten (1987)



• Outward thermal flux > Incoming solar flux (Jupiter, Saturn)

• The Earth's internal heat flux is 1/40000 of the Incoming solar flux.
This heat comes from a combination of residual heat from planetary
accretion and heat produced through radioactive decay.

(Mueller-Wodarg et al.)

Catling & Kasting (2017)



Adiabatic lapse rate in log-pressure coordinate

Why is the tropospheric lapse rate in the log-pressure coordinate similar 
between the planets?

From

and

we get

Here

Degree of freedom = 5 at room temperature for a linear molecule (H2, O2, N2, 
CO2, ..) 
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Heating of the upper atmosphere

（ブレッケ，超高層大気物理学）

Solar spectrum

(Eugene Avrett, Smithsonian Astrophysical 
Observatory)

Structure of the solar atmosphere



(Andrews 2010)

chromosphere

Energy balance of the thermosphere

Bougher et al. (1994)



Molecular diffusion coefficient (for CO2) (Chapman and Cowling 1970)

F = 1.38×10$ L
1
' L

,
273

#.&''
' ∶
T :

Atmospheric density
Atmospheric temperature

Chabrillat et al. (2002)

Borderick, 2010

Composition of Earth’s 
upper atmosphere

Homopause levels

Catling & Kasting (2017)



Mars and Venus thermospheres

Mars

Venus

(Bakalian et al. 2006)

(Fox & Kasprzak, 2007)

Thermospheres of the terrestrial planets
(Bougher et al. 1994)

Thermospheric temperature
Earth: 1000 K    Venus: 250 K    Mars: 270 K

The coolants in Earth’s thermosphere, CO2 and NO, are relatively ineffective 
because of their low concentrations.
On Venus and Mars, the atmospheres are almost CO2, which makes the upper 
atmospheres cold through efficient radiative cooling.



Radiative energy balance at each altitude

(Andrews 2010)

Jovian thermospheric temperature



Waite et al. (1983)

The temperature rise across the 
thermosphere due to solar UV heating is 
predicted to be <100 K.

A much stronger source of heat must be 
present. 
• Precipitating electrons ?
• Wave heating (gravity wave, acoustic 

wave) ?

(Mueller-Wodarg et al.)

Vertical structures of planetary atmospheres


